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1. Introduction 


Define the truncated hypergeometric function 
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where (x)k = x{x + 1) • • • (x + k — 1) if A; > 1 and (x) 0 = 0. Motivated by 
the Calabi-Yau manifold, Rodriguez-Villegas [5] conjectured some congruences on 
truncated hypergeo metric functions modulo p 2 and p 3 . Nowadays, most of those 
conjectures have been confirmed. For example, with help of the Gross-Koblitz 
formula, Mortenson [3j proved that, for any prime p > 5, 
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where (-) is the Legendre symbol modulo p. Z.-W. Sun [6] gave an elementary proof 
for (ll.ip - fll.4p . Subsequently, Z.-H. Sun [5] generalized the above congruences to 
the following unified form: 
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Here cc is a rational number whose denominator is prime to p, and (x) p denotes 
the integer in {0,1,... , p — 1} such that x = (x) p (mod p). Note that we can also 
define (x) n similarly on condition that the denominator of x is prime to n. 
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It is natural to define the truncated g-hypergeometric function as follows: 
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where 


fa q)k = 


(1 — ic)(l — xq) ••■(].*» xq k 1 ), if k > 1, 
1, if k — 0. 

Recently, Guo and Zeng [2] have obtained a g-analogue of (11.111 : 
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where [p] = 1 + q + ■ ■ ■ + q p 1 and the above congruence is considered over the 
polynomial ring Z[g]. Furthermore, they also conjectured that, for p > 5, 
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In this paper, we shall prove the congruences (jl.7p - fll.9p . More precisely, we shall 
give a g-analogue of (11.5p as follows. 

Theorem 1.1. Let n, d > 2 with gcd(n, d) = 1 and let r be an integer. Then 

2 <h Y’t~ r q d , l] = (-1 )■,(**-¥)-<•!') (mod 4>„(?) 2 ), (1.10) 

where <F n (g) denotes the n-th cyclotomic polynomial in q and a = (—r/d) n . 

For example, letting r = 1, d = 3 and letting n = p be a prime greater than 3, 
we have 

(p — 1)/3, if p = 1 (mod 3), 
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which is the congruence (11.71) . 
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2. Proof of Theorem 11.11 
Recall that the g-binomial coefficients ^ are defined by 

(q n ~ k+ 1 -,q)k 


(?; ?)* 


and the g-integer [n] q is defined as [n] q = Our proof of Theorem II.II only re¬ 

quires the following two forms of the g-Chu-Vandemonde identity (see, for example, 
HI (3.3.10)]): 
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It is easy to see that 
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So writing a = —r/d, the congruence (11. 10p is equivalent to 
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Note that a = (a) n . Let s = (a — a)/n. Then sd is an integer. By the g-Chu- 
Vandemonde identity (12.ip . we have 
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for 1 < j < n. Similarly, there holds 
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By the g-Chu-Vandemonde identity (12.2D . we have 
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Similarly, we have 
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we have 
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References 

[1] G.E. Andrews, The Theory of Partitions , Cambridge University Press, Cambridge, 1998. 

[2] V.J.W. Guo and J. Zeng, Some q-analogues of supercongruences of Rodriguez-Villegas, J. 
Number Theory 145 (2014), 301-316. 

[3] E. Mortenson, A supercongruence conjecture of Rodriguez-Villegas for a certain truncated 
hypergeometric function , J. Number Theory 99 (2003), 139-147. 

[4] F. Rodriguez-Villegas, Hypergeometric families of Calabi-Yau manifolds , in: Calabi-Yau Va¬ 
rieties and Mirror Symmetry (Toronto, ON, 2001), Fields Inst. Cornmun., 38, Amer. Math. 
Soc., Providence, RI, 2003, pp. 223-231. 

[5] Z.-H. Sun, Generalized Legendre polynomials and related supercongruences , J. Number Theory 
143 (2014), 293-319. 

[6] Z.-W. Sun, Supecongruences involving products of two binomial coefficients, Finite Fields 
Appl. 22 (2013), 24-44. 




















THE RODRIGUEZ-VILLEGAS TYPE CONGRUENCES FOR TRUNCATED q-HYPERGEOMETRIC FUNCTIONS 


Department of Mathematics, Shanghai Key Laboratory of PMMP, East China 
Normal University, 500 Dongchuan Rd., Shanghai 200241, People’s Republic of 
China 

E-mail address: jwguol977@aliyun.com 

Department of Mathematics, Nanjing University, Nanjing 210093, People’s Re¬ 
public of China 

E-mail address: haopan79@zoho.com 

Department of Basic Course, Nanjing Institute of Technology, Nanjing 211167, 
People’s Republic of China 

E-mail address: yongzhangl982@163.com 



